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Introduction:
Neutrosophy is a branch of philosophy introduced by Florentin Smarandache [1,2] in 1995 to study the concepts
of truth, indeterminacy, and falsity. Based on this theory. Smarandache developed neutrosophic logic and
neutrosophic sets as a generalization of fuzzy sets introduced by Zadeh [3] and intuitionistic fuzzy sets proposed by
Atanassov [4]. These concepts provide a powerful mathematical framework for modeling uncertainty and
indeterminate information arising in real—world applications.
In recent years, neutrosophic theory has attracted considerable attention and has been successfully applied in many
areas of mathematics, including algebra, number theory [5,6], optimization [7], Boolean algebra [8], and algebraic
equations [9,10]. The development of neutrosophic fields, which subsequently led to the study of neutrosophic
vector spaces and their algebraic properties [11,12].
Neutrosophic vector spaces provide a natural extension of classical vector spaces by incorporating indeterminate
components into vectors and scalars. This extension has motivated the investigation of several algebraic concepts
such as neutrosophic subspaces, bases, dimension, matrices, and linear transformations [12,13,14,15].
Consequently, many classical results in linear algebra can be reformulated within the neutrosophic framework.
Recently, neutrosophic vector spaces have been extended to more general settings, and several of their algebraic
and topological properties have been investigated [16]. These developments have further motivated the study of
neutrosophic linear transformations and their associated algebraic structures.
In this paper, we investigate neutrosophic linear transformation between neutrosophic vector spaces. We examine
their fundamental properties, define the neutrosophic kernel and neutrosophic image, develop the concepts of
neutrosophic rank and neutrosophic nullity, and establish several new results, including a neutrosophic version of
the Rank—Nullity Theorem as an extension of the classical Rank—Nullity Theorem to neutrosophic vector spaces.
1. Preliminaries:
Definition1.1: [12] Let (K, +,') be any field, and let | denote the neutrosophic indeterminacy factor. The

neutrosophic field generated by K and I, denoted by (K(I), +,") is defined as:
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Where:

K(D=(ul)={a+bl:abeK,I*=1}

® The additive identity 0 € K isrepresentedas 0 + 01 € K().

®  The multiplicative identity 1 € K isrepresentedas 1 + 0/ € K().

Definition1.2: [18,19] Let (V, +,') be any vector space over a field K, let I denote the neutrosophic

indeterminacy factor. The neutrosophic vector space generated by V and I over the field K (I), denoted by

(V(I), +,') is defined as:

Where:

9)

VID=Vul)={u+vl:u,veV,I?=1I}

ut+veVl)VuveV(l).

au € V() Va € K(I),u € V(I).
u+v=v+uvuveV().
u+v)+w=u+@+w)vVuv,we V().
0eVd)a3u+0=0+u=ueV().
VueV{)I(—uw) eVUI)3u+ (—u)=0.
au+v)=aut+avVaeKU),uveV).
(a+Bu=au+puvap eKU)ueV{).
(aBf)u=a(Bu)Va, B eKU),ueV({).

10) lu=uv1ieKU),ueV{).

Remark:[12] The elements of V(I) are called neutrosophic vectors and the elements of K(I) are called

neutrosophic scalars.

Definition1.3:[12,19] Let V(I) be a neutrosophic vector space over the neutrosophic field K(I) A nonempty

subset W(I) of V(I) is called a neutrosophic subspace of V(I) if W(I) itself forms a neutrosophic vector

space under the vector addition and scalar multiplication inherited from V(I)‘ Equivalently, for every U, V €

W (I) and every scalar @ € K(I),the following conditions hold:

1)

2)

u+vewl.
au € W(I).
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Hence, W (I) is closed under vector addition and scalar multiplication.

Definition1.4: [12,13] Let V(I) be a neutrosophic vector space over a neutrosophic field K(]). A neutrosophic
vector U € V() is said to be a neutrosophic linear combination of the neutrosophic vectors V1, V3, ..., Uy €

V (I) if there exist scalars (@1, @, ..., Ay € K(I)) such that:

n
V=01 + a0 + o+ apv, = z a;v;
The scalars @1, &3, ..., Ay, are called the neutrosophic coefficients of the linear combination.

Definition1.5: [12,14] Let V/(I) be a neutrosophic vector space over a neutrosophic field K(I), § =
{vy,v,, ... vn} be a subset of neutrosophic vectors in V (I). The neutrosophic span of S, denoted by N —

span(S) or SN: is the set of all neutrosophic linear combination of the vectors in S.

Definition1.6: [13,14] Let V(I) be a neutrosophic vector space over a neutrosophic field K(]) A finite set of
neutrosophic vectors U1, Vs, ..., Upin a neutrosophic vector space I/ (I) is said to be neutrosophically linearly

independent if the equation

a1 + avy + -+ a,v, =0+ 01

Impliesthat @y = @y = +++ = &y = 0,where @1, @3, ..., @, € K(I).

If there exists at least one non- trivial solution (where not all &; are 0+0l), the set of vectors is said to be

neutrosophically linearly dependent.

Definition1.7: [13,14] Let V(I) be a neutrosophic vector space over a neutrosophic field K(I) let SN =
{Ul, V3, oen, Un} be a finite set of neutrosophic vectors in IV (). Then, Sy is called a neutrosophic basis for the

neutrosophic vector space V(I) if the following two conditions are satisfied:

1) Sy is neutrosophically linearly independent.
2) Sy neutrosophically spans V (1).
Definition 1.8: [14] Let V (1) be a neutrosophic vector space over a neutrosophic field K (). If V (I)) has a finite

neutrosophic basis Sy = {Ul, Uy, ...,Un}, then the neutrosophic dimension of V(I), denoted by
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dim(V (1)), is defined as the number of vectors in the neutrosophic basis. That is, dim(V(I)) = | Sy | =

N. If no finite neutrosophic basis exists, then V(I) is said to be infinite — dimensional.

2. Neutrosophic Linear Transformations:
Definition 2.1: [15] Let IV} (I) and V5 (I) be neutrosophic vector spaces over a neutrosophic field K (1), A
mapping Ty: Vi (I) = V, (1) is called a neutrosophic linear transformation if it satisfies the following two

conditions for all neutrosophic vectors U, ¥ € V5 (I) and all neutrosophic scalars @ € K (I):

1) Ty(u+v)=Tw)+T,).
2) T,(au) = aT;(u).

Where any neutrosophic vector U = a + bl € V; (I) foralla, b € V and any neutrosophic scalar @ =

k +ml € K(I)forallk,m € K.

Remark 2.2:[15] Every neutrosophic linear transformation Tj: V1 (I) = V,(I) can be uniquely decomposed

intothe form Ty = T + UI, where T and U are classical linear transformation.

Example2.3: Let V() = .722(1) = {(ul, uz): Uq, Uy € fR(I)} be a neutrosophic vector space over the

neutrosophic field K(I) = R(I). Consider the mapping T;: V (I) = V(I defined by:
T;(w) = T;(uqg, uy) = (Ug + Uy, Uy — Uy) forall = (Uq,uy) € V(I)
Show that T} is a neutrosophic linear transformation.

leeuw = (a+ bl,c+dl),v=_(_e+ fl,g + hl),a = (k +ml) then:

1) Ti(u+v) = T,((a +bl,c+dl)+(e+fl,g+ hI)).
=T ((a+e)+ b+ NI (c+g)+ (d+h)]I).
=((at+e+c+g)+(b+f+d+h),

(a+e—c—g)+ b+ f+d+hn)).
=((a+c)+ (b+d)[,(a—c)+(b—d)1)
+(e+)+(F+m)I(e—g)+ (f—NI).
=T;(w) + T;(v).

2) T,(au) = T,((k +ml)(a + bl),(k + mI)(c + dl))
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= T,(ka + [kb + ma + mb]l, kc + [kd + mc + md]I).

= (k(a+c) + [kb + kd + ma + mc + mb + md]]I,
k(a —c) + [kb — kd + ma — mc + mb — md]I).

=(k+mh((a+c+B+d)],(a—c)+ (b-aAd).

= aT;(u).

Hence, TI is a neutrosophic linear transformation.
Definition 2.4: Let V; (I)and V5, (1) be two neutrosophic vector spaces over a neutrosophic field K (1), and let
T;: Vi (I) = V,(I) beaneutrosophic linear transformation. The neutrosophic kernel of T; denoted by ker(T})

is defined as:

ker(T)) = {v € Vy(D): T;(v) = O,y = 0 + 0}

And the neutrosophic Image of Tj denoted by Im(T7) is defined as:
im(Tp) = {T; (x + yI) € Vo,(I):x + yI € V3 (I}

Definition 2.5: Let 1/, (I) and 1/, (1) be two neutrosophic vector spaces over a neutrosophic field K(I),and et
T;: Vi(I) = V,(I) beaneutrosophic linear transformation. The dimension of the neutrosophic kernel space is

called neutrosophic nullity, denoted by:

Nullity(T;) = dim(ker (T;)).

And the dimension of the neutrosophic image space is called neutrosophic rank denoted by:
Rank(T}) = dim (im(T})).

3. Main Results:
Lemma 3.1: Let T;: V5 (I) = V,(I) be a neutrosophic linear transformation, where V; (I) and V(1) are

neutrosophic vector spaces over a neutrosophic field K (I). Then T} (OV1(I)) = OVz(I)'

Proof:

Lect € V(1) be any neutrosophic vector, since OV1(1)iS the zero vector of V3 (I), we have u + 0V1(1) =u.

Applying the transformation T to both sides, we get T} (u + 0V1(1)) = T;(u). Since Ty is a neutrosophic
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linear transformation, Tj(u) + TI(OVl(I)) =T;(u). Adding the additive inverse —T7 (w) € Vo(I) w0
both sides of the equation (TI (W +T, (OV1(1))> —T;(w) = T;(w) — T;(w). Hence T} (0V1(1)) =
Ov, -

Theorem 3.2: Let T7: V; (I) = V,(I) be a neutrosophic linear transformation. Then, the kernel of T} is a
neutrosophic subspace of V4 (1).

Proof:

To prove that ker(T7) is a neutrosophic subspace of /1 (I), we must verify the following three condition:-

1) Non — emptiness:

By lemma (3.1), we have T} (OV1(I)) = 0V2(I)' Thus,OV(l) € ker(T;). Therefore ker Ty # Q.

2)  Closure under neutrosophic vector addition:
Let U, U € ker(T}). Then, by definition T} (w) = OVz(I) and T;(V) = OVz(I)' Since T is a neutrosophic
vector addition, Ty(u + v) = T;(u) + T;(V) = OVz(I) + OVz(I) = OVz(I)- Therefore, (U + V) €
ker(T}).

3) Closure under neutrosophic scalar multiplication:
Letu € ker(T}) andlet@ € ker(1]) be any neutrosophic scalar. Since T} (u) = OVz(I)'We have T; (au) =
aT;(u) = aOVz(I) = OVZ(D,Therefore, (au) € ker(T)).
Since Ker(T}) is non — empty and closed under both neutrosophic vector addition and scalar multiplication. It

satisfies all the conditions of neutrosophic subspace. Therefore Ker(T}) is a neutrosophic subspace of V3 (D).

Theorem 3.3: Let T;: Vi (1) = V,(I) be a neutrosophic linear transformation. Then, the image of T is a

neutrosophic subspace of V; (.
Proof:
To prove that Im(T7) is a neutrosophic subspace of I/, (1), we must verify the following three conditions:-

1) Non — emptiness:
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By lemma (3.1), we have TI(OVlu)) = Oy, - Since Oy, ;) € V1 (I), it follows that Ov, ) € m(T}). Thus,
im(T;) # @.

2)  Closure under neutrosophic vector addition:
Let W1, Wy € Im(T}). By definition, there exist Uy, Uy € V3 (I) such that T;(Ug) = Wy and T} (uy) =
Wy Since V3 (I) is a neutrosophic vector space, (ug +uy) € Vi (D). Using the additivity property of T} we
get Wy +wy = Ty(uy) + Ti(uy) = Ty(uy + uy). Since Wy + W, is the image of Uy + Uy €
Vi (1), itfollows that (W + wy) € Im(T}).

3) Closure under neutrosophic scalar multiplication:
Letw € Im(T}) and let @ € K (I) be any neutrosophic scalar. Since W € Im(T}), there existsu € V; (1)
such that Ty (u) = w. since V;(I) is closed under scalar multiplication, au € V4 (1), we have aw =
aT;(u) = T;(au). since aw is the image of au € V; (1), it follows that aw € Im(T;).
Since Im (T7) is non — empty and closed under both neutrosophic vector addition and scalar multiplication,
Im(T}) is a neutrosophic subspace of Vo, (I).
Theorem 3.4: Let Tj: V(1) = W (I) and S;: W (I) = U(I) be two neutrosophic linear transformations
over K(I). Then the composite mapping (S; o T;): V(I) — U(I) defined by: (S; o T;)(v) =

S (T, (U)) forallv € V(1) is also a neutrosophic linear transformation.
Proof:

fu,v e V(Il),a € K (1) then:

1) (SjeTHu+v) = S,(T,(u + v))
= S(T;(w) + T;(v))
=S5 (TI (u)) + 51(T;(v))
= (SreT)W) + (S e TH ).
2) (S;oT)(au) =S5, (TI (au)).
= S;(aT;(w)
= aS;(T(w))
= a(S; o T (w).
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Since (S7 © Ty) preserves both neutrosophic vector addition and scalar multiplication, it follows that (S} © T})

is a neutrosophic linear transformation from V (1) to u(l).

Theorem 3.5:Let T7, S;: V (I) = W () be two neutrosophic linear transformations over K (). Then the sum

(T; + §)): V() > W(I) defined by:
(TI + SI)(U) =T;(v) + S;(v)forallv € V(I)isalsoa neutrosophic linear transformation.

Proof:
fu,v e V() a € K (1) then:

) (T+S)u+v)=T(u+v)+S(u+v)
= (T;(w) + T, (v)) + (S;(w) + $;(v))
= (Tl(u) + Sl(u)) + (T;(v) + 5;,(v))
= (T; +Sp@) + (T; + S ).
2) (T) + Sp)(au) = T;(au) + S;(au)
= aT;(u) + aS;(v)
= a(T;(w) + 5;(w))
= a(T; + S;)(w).
Since (T; + Sy) satisfies both additivity and scalar homogeneity, it is a neutrosophic linear transformation from
V(D) ow(l).
Theorem 3.6: Let T;: V' (I) = W (1) be a neutrosophic linear transformation over K (I),and let @ € K (I)

be any neutrosophic scalar. Then the scalar product (aT;): V/(I) = W (I) defined by:
(aTy)(v) = aT;(v) forallv € V(I) is also a neutrosophic linear transformation.
Proof:

ifu,v € V(I),B € K(I) then:

1) (aT)u+v) =aT,(u+v)

= a(Tl(u) + T, (V))
= aT;(uw) + aT,(v)
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= (aTp) + (aT) ).
2) (aT)(Bv) = aTi(Bv)
= a(pT;(v))
= (ap)T;(v)
= (Ba)T;(v)
= p(aT;(v))
= B(aT) ).

Since (aT;) satisfies both additivity and scalar homogeneity, (@T}) is a neutrosophic linear transformation from

V() wW().

Theorem 3.7: Let V (1) and W (I) be finite- dimensional neutrosophic vector spaces over a neutrosophic field

K(I),and let T;: V(1) = W (I) be a neutrosophic linear transformation. Then:
dim(V (1)) =Rank(T}) + Nullity(T}).
Proof:

Let NuIIity(TI) = Mand dim(V(I)) = N. Since ker(T}) is a neutrosophic subspace of V (I) (by Theorem
3.2),ithas afinite basis. Let SN,ker = {v,,v,, ..., ‘Um} be a basis for ker(T}). By the Basis Extension Theorem
for neutrosophic vector spaces, we can extend SN,ker to a neutrosophic basis for the entire space V(I), say
By = {vy, vy, ..., Uno Vm+1) ...,‘Un}. To prove the theorem, it suffices to show that the set Sy =

{TI Wms1), Ti(Wimg2), o, Tj (Un)} is a neutrosophic basis for Im(T7), which would imply that:

Rank(TI) =dim(ImT})) =n—m = dim(V(I)) - Nullity(TI). We verify the two conditions for Sy

being a neutrosophic basis of Im(TI): -

1) Sy spansIm(T})(span (Sy) = Im(T})):
LetW € Im(T,). Then there exists a vector V € V(1) such that T} (v) = w. Since By is a neutrosophic
basisforV(I),wecan express U uniquely as a neutrosophic linear combination overK(I),U =g+t
AmVm + U1 Vms1 + -+ AUy where@; € K(I) foralli = 1, ..., n. Applying T and using its
linearity,

w = TI(U) = Tl(alvl Tt AU, + Qg1 Vs + 00+ anvn)

Sadaa Al-qalam J. Hum & App Sci. . Issue 2. Volum 2  June. 2026
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= a1 Ti (1) + -+ @11 (W) + A1 Ti Winea) + o+ an T (v).
Since Uy, ..., Uy € ker(T}), we have T;(vy) = =T, (vy) = OW(I)- Thus, the equation simplifies to
w = am+1T,(vm+1) + -+ anT,(vn). Hence every vector W € Im(TI) is a neutrosophic linear

combination of elements in Sy, so span (SN) = Im(TI).

2) Sy is neutrosophically linearly independent over K(D):
Suppose there exist neutrosophic scalars Sry1, -y B € K(I) such that, BTy (Vime1) + -+
BnT;(v,) = Ow (- By the linearity of T}, this can be written as, T; (Bms1Vmar + =+ Buvn) =
Ow (). This implies that the vector (Bmy1Vms1 + -+ Bnn) € ker(T}). Since Syker =
{v1, ..., Uy} spansker (T}), there exist neutrosophic scalars C1, .., C, € K (I) suchthat, By 41 Vma1 +
o+ BpVp = €1V + -+ + €V, Rearranging the terms, C1V1 + *** + CU;m — Pms1Vms1 —
o+ = PnVn = Op(p). Since {Vy, ..., Vp} is neutrosophically linearly independent in V (1), all coefficients
must be zero, which implies C; = =+ = Cpy = Bippq = - = B = Og().  Therefore, Sy is
neutrosophically linearly independent over K(I). Since Sy spans Im(T}) and is neutrosophic linearly
independent, Sy forms a neutrosophic basis for Im(T}). Consequently, dim (Im(T})) = ISyl =n —m.
since dim (ker(T;)) = m and dim(V(I)) =7, we conclude that, dim (ker(T})) + dim (im(T})) =

m+ (n—m) =n =dm(V()). Hence,dim(V(I)) = Rank(T;) + NuIIity(TI).

Example 3.8: Consider the neutrosophic linear transformation TIZ R? (I) - R? (I) defined in Example (2.3)

by:
Ty(uy, up) = (Ug + Up, uy — up) forall (ug, up) € RZ(D).
Find ker(TI) and Im(TI).

1) Tofind ker(TI):

Llet = (a + bl,c + d[) € ker(TI),where a,b,c,d € R. By the definition of  the kernel:

T,(w) = (0 + 01,0 + 0I)

Applying the neutrosophic transformation T7;:

Sadaa Al-qalam J. Hum & App Sci. . Issue 2. Volum 2  June. 2026
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((a+bD + (c+dI),(a+bI) —(c+dI)) = (0+0I,0+0I)
= ((@a+c)+ B+, (a—c)+(b—d))=(0+0I,0+0I)
Equating the respective components, we obtain the system of equations:

@FE20 e (1420

=a=b=c=d=0
Thus,u = (0 + 01,0 + OI).

Therefore,

ker(T}) = {(0 + 01,0 + 0D)}.

2) Tofinelm(T}):
Lteew = (xq + Y11, x5, + Y1) € R? (1) be an arbitrary vector. We search fora vector U =

(a+ bl,c + dI) € R%(I) suchthat T; (1) = w. This leads to:

((a +o)+b+d),(a—c)+ (b - d)I) = (g + y11, x5, + y,1).

By equating the real and neutrosophic parts:

a+c=x X1+x X1—X
{ ~ — g =0t Nt
a—c=Xxp 2 2

{b+d=y1 =>b=3’1+3’2,d=3’1—3&
b—d=y, 2 2

Since@, b, ¢, d € R existfor any choice of X1, Y1, X2, Y2 € R, every neutrosophic vector W € RZ(I) has

a pre-image under 17,
Therefore, Im(TI) = RZ(I).

Example 3.9: Let Vi) = R? (= {(ul,uz):ul,uz € R(I)} be a neutrosophic vector space over

R(I). Define the neutrosophic linear transformation T;: V. (I) = V (I) by:

T;(w) = T;(uqg, uy) = (—uy, uy) forallu = (uq,uy) € V()

Sadaa Al-qalam J. Hum & App Sci. . Issue 2. Volum 2  June. 2026
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Show that the Rank-Nullity Theorem holds for T7.

1) Tofind ker(T}):
Lee = (aq + byl,a, + byl) Eker(T}), where aq, by, @y, by € R. By the definition of the kernel,
T,(w) = (0 + 01,0 + 0I)

T,(al + bll,a2 + bzl) = (_(az + bzl),al + bll) == (0 + OI,O + 0[)

Equating the respective components:

{_az_b21=O+OI:a2=O,b2=0=>uZ=O+01
a1+b1]=0+01:a1=0,b1=0:u1=0+OI

Therefore, ker(TI) = {(O + 07,0 + OI)} = {OV(I)}~
Hence, Nullity(T}) = dim(ker(T})) = 0.

2) TofindIm(T}):
Leew = (Wy,wy) = (¢ +dqI,c, +dy1) € R? (I) bean arbitrary vector, where 1, d, C3,d, €
R. We seekavectorl = (a1 + b1,a, + bzl) € V(I) such that T,(u) = w:

(=(ap + byI),a; + byl) = (cy +dil,cy +dyI)

Equating the components gives:

{_az - bzI = C1 + dll - az = _Cli bz = _dl
a1+b1] = C2 +d2] == a1 = Cz,bl = d2

Therefore, Im(TI) = fRZ(I)
Hence, Rank(TI) =dim(im(T})) = 2.

3) Verification of the Rank—NuIIity Theorem:
since dim(V (1)) = dim(R2(I)) = 2, we have:
Rank(T}) + Nulliy(T}) = 2 + 0 = 2 =dim(V (1)).
Thus, the Rank-Nullity Theorem holds.

A 0+ 0/

040/ 04 OI] A€ R(I)} C M, be a neutrosophic subspace of

Example 3.10: Let V(I) = {
A 0+0I7) _
loror o0xol)=4

M, . Define the neutrosophic linear transformation T} (
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Show that the Rank-Nullity Theorem holds for T7.

1) Tofind ker(T}):

[ A 0+o0I
LetM"[0+01 0+ 01

foomA = a + bl wherea,b € R

] € ker(TI), where the component A is expressed in its explicit neutrosophic

By the definition of the kernel, T} (M)=0+0I

T(a+b1 0+ 0/
INlo+0or o+o01

Equating the real and neutrosophic parts:

])=a+m=0+m

a=0andb=0=A=0+0I

0+0l 0+0I _
0+ 0/ 0+01}_{mﬂﬁ

Hence, Nullity(T;) = dim (ker(T7)) = 0.

Therefore, ker(TI) = {[

2) Tofindlm(TI):
Let W=c+dl €R(I) be an arbitrary element, where ¢,d € R. We seek a mawix M =

a+bl 0+0I

0+0/ 0+ 01] € V(1) suchthat T;(M) = w:

a+bl=c+dl=>a=c,b=d
Therefore, Im(T;) = R(I). Hence, rank(T}) = dim(im(T;)) = 1.
3) Verification of the Rank-Nullity Theorem:
The dimension of the domain space V (I') over the neutrosophic field R (I) is dim(V (1)) = 1 (spanned by the

1+ 01 0+OI])
0+0/ 040/

basis matrix [
Checking the formula:

Rank(T}) + Nulliy(T;) = 1+ 0 = 1 =dim(V (1)).

Thus, the Rank-Nullity Theorem holds.
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